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characteristic turbulence scale L If the scale I > (CDA)1'2,
then the energy builds up in a few scale lengths and then de-
cays rather rapidly. If, however, I < (CnA)112, then the
energy increase is very slight, and the decay is rather slow.
For I = 0.1(CW)1/2, the energy is practically constant.
The asymptotic decay for £ ^> 1 is, in every case, proportional
to £~2.

These results are not inconsistent with the currently ac-
cepted ideas about turbulent energy decay. The persistence
of the large eddies is rather clearly brought out; whereas, at
the same time, the small eddies show a tendency to hold on to
their energy, as predicted by the Kolmogoroff hypothesis.
The implications of the results for the calculation of the radar
cross section of turbulent plasmas is the following: if we
accept the hypothesis that

( *>.*(«, f) > oc (NeGWEfa, Q

where ne are the fluctuations in electron density, (Ne) is the
average electron density, and E(ia, £) is the turbulent energy
of eddies in the wave number interval A/cfe), then it would
appear that the Kolmogoroff assumption E(ni ,£) ~ const is
quite acceptable for wavelengths that are rather small as com-
pared with the characteristic dimensions of the body. For
wavelengths which are longer than (CDA)112, it is probably
necessary to take into account the fact that the turbulent
energy is not constant.
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Nomenclature
induced magnetic field
applied magnetic field
gravitational acceleration

= half -width of channel
= pressure

: = temperature
= wall temperature at z = 0
= velocity
= thermal diffusivity
= volumetric expansion coefficient
= temperature difference, T* — TwQ
= magnetic permeability
= kinematic viscosity
= density
= electrical conductivity
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Introduction

INCONSIDERABLE work has been done recently on prob-
^-^ lems dealing with heat transfer in electrically conducting
fluids in the presence of electromagnetic fields. An extensive
review for problems of this type is given in Ref. 1. This
note deals with the combined forced and free convection of
an electrically conducting fluid flowing inside an'open-ended
vertical channel formed by two identical parallel plates in the
presence of a uniform transverse magnetic field. Solutions
are obtained for the case when the surface temperatures of the
plates vary linearly along the vertical distance. Such con-
figuration in the magnetic field-free case was discussed by
Ostrach.2' 3

When the vertical temperature gradient is taken to be
negative (which is the case of heating from below), there ap-
pears a critical Rayleigh number at which the solution of the
velocity becomes infinite. This was attributed3 to the ap-
pearance of instability as it would occur for a horizontal layer
heated from below. The influence of the magnetic field in
the latter case has been studied extensively.4- 5 The conclu-
sion is that the magnetic field has a stabilizing effect. In the
present configuration of vertical parallel plates, it is found that
the magnetic field has the same effect.

Basic Equations and Their Solutions
For the fully developed laminar flow in a uniform trans-

verse magnetic field, the velocity and induced magnetic field
have only a vertical component, and all of the physical quanti-
ties except temperature and pressure are independent of the
vertical coordinate z. Furthermore, the temperature of the
fluid can be expressed as

T = T*(y) + Nz (1)
where N is the vertical temperature gradient, and y is the
horizontal coordinate normal to the plates.

Under the conditions stated, the continuity equation is
identically satisfied, and the momentum equations in the y and
z component are

(dp/ty) + (l/tiB(dB/dy) = 0 (2)

v(ffiv/dy*) + (l/priBQ(dB/dy) + g/3(0*'+ Nz) -
(1/p) (dp/52) = 0 (3)

and the energy and magnetic induction equations reduce to

Nv = a(d*6*/dy*) (4)

(d*B/dy*) + a^B^dv/dy) = 0 (5)

In the energy equation we have neglected the viscous and
Joulean dissipations.

Integrating Eq. (2) with respect to y, it gives

p = (6)

where f(z) is an arbitrary function of z. When we substitute p
into Eq. (3) and rearrange terms, it becomes

v(d*v/dy*)
(l/p)(df/dz) - g/3Nz (7)

Since the right-hand side of Eq. (7) is a function of z only,
whereas the left-hand side is a function only of y, both must be
equal to a constant C\. Thus, we write Eq. (7) as

r(d*v/dy*) + (l/priB0(dB/dy) + g/36* = (8)

The constant Ci must be related to the physics of the problem.
It could be determined from either the end conditions of pres-
sure, to which the channel is subjected, or the end conditions
by the mass flow in the channel.

We introduce dimensionless variables by the substitutions
77 = (y/L)} u = (Lv/a), t = (6*/NL), b = (B/BQ), M =
Hartmann number = BQL((r/pv)ll2,Ra = Rayleigh number =
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(g/3NL*/va), and Pm =
become, respectively,

for which Eqs. (8), (4), and (5)

(M2/Pm)(db/d7j) + (d2u/dr)2) + Rat = C2 (9)
u = (dH/d-n*) (10)

= 0 (11)
with (72 = (CiL^/av). The boundary conditions of Eqs.
(9-11) are such that u = b = t = Q &t TJ = ±1.

The system of Eqs. (9-11) can be written as a fourth-order
differential equation of u by eliminating t and 6, which is

+ Ran = 0 (12)

From this'equation the solution of u satisfying the boundary
conditions is easily determined. The corresponding solutions
of t and b are obtained from Eqs. (10) and (11) after u is
found. These solutions are

u = <73[(cosh&i?7/ cosh&i) — (coshfeV coshfe)] (13)

t = CaKlAi^Kcosfci^/coshA;!) - 1] -
(l/fe2)[(coshfe77/coshfe) - 1]} (14)

b = PmCz[(l/ki coshAa)(?7 sinh&i — sinh&i^) —
(1/fe coshfe)(?7 sinhfe — sinhfe^)] (15)

where

k, = {(M2/2) + [(M4/4) - tfa]1/2}1/2

fe = {(M2/2) -
and

Cz = {C2/Ra[(l/V) - (1/
— tanhfe/fe) ] }

The nondimensional flow rate w and heat transfer h are then

w = udrj 2C3 '[(tanhfe/fe) - (tanhfe/fe)] (16)

i) - (tanhfe/fo)] (17)

Eqs. (13-15) show that the relative influence of the mag-
netic fieldjon the velocity, temperature, and induced magne-
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Induced magnetic-field distributions; i?a =
C2 = 1, and M2 = 0, 10, and 20.
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tic field distributions depends upon the ratio of Hartmann
number and the fourth root of Rayleigh number. In Fig. 1
we present the velocity and temperature profiles for Ra = 1,
C2 = 1, and different values of M2. It is seen that, when M2

increases, the velocity decreases rapidly and, at the same
time, produces a higher temperature in fluid, thus decreasing
the heat transfer. Figure 2 shows the induced magnetic field
(b/Pm) for same values of Ra, C2, and M2. It should be noted
that b is the ratio of B to the external field BQ. As M2 ap-
proaches zero, (b/Pm) approaches a limiting value; for large
M2, (b/Pm) decreases. Thus, a maximum value of B is attained
for some value of M2. It should also be noted that Pm is
proportional to the magnetic Reynolds number, large values
of Pm corresponding to large induced magnetic fields B.

Unstable Conditions

The solutions of velocity, temperature, and induced mag-
netic field given by Eqs. (13-15) are bounded for all of the
values of Ra and M2 provided that Ra > 0. In the case of
heating from below, since N < 0, we have Ra < 0. In this
case &2 becomes a pure imaginary number, and subsequently
coshfe becomes equal to cosfe7 where fe' = ikz. Examination
of the solutions of u, t, and b shows that there are critical
values of k2' (namely, k2

f = nw/2 where n is an integer), for
which they become infinite. This is a result of the appear-
ance of instability, as discussed in the magnetic field-free
case. The critical Rayleigh number for the lowest eigenvalue
n — 1 is

Ra = (7T2/4)[(7r2/4) + M2 (18)

Fig. 1 Velocity and temperature distributions; Ra = 1,
C2 = 1, and M2 - 0, 10, and 20.

At M2 = 0, this value agrees with Ostrach's result; it in-
creases linearly with the increase of M2; i.e., the flow is
stabilized by the magnetic field. This stabilizing effect is
similar to those found in the case of horizontal layers heated
from below.
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Approximate Solutions of the
Membrane Flutter Problem
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THE linearised dynamic equation associated with two-
dimensional membrane flutter in supersonic flow may be

written (using the "static" aerodynamic approximation) as

57
__ a __ y = 0

where a and 7 are constants.
Separation of variables by writing Y = y(x)ei/i • gives

dx2 dx

(1)

(2)

It is now necessary to find eigenvalues X = 7co2 for a non-
trivial solution to Eq. (2) subject to the boundary conditions
y(G) = y ( l ) = 0. Exact solution leads to the result

X = + (a2/4) (3)

The question of approximate solution of this problem using
the Galerkin method has raised doubts about the validity of
this method with a non-self-adjoint second-order equation.
It has been shown that the second and third terms in an
approximating series lead to critical values of a at which two
eigenvalues coalesce to form complex conjugates. The
exact solution shows this flutter condition is spurious. How-
ever, the work of Keldysh1 and Petrov2 indicates that the
exact eigenvalues of Eq. (2) can be obtained as the limit of a
sequence of approximate eigenvalues (from the Galerkin
method) formed by increasing the number of terms in the
approximating series. It might be argued then that an
examination of the effect of increasing the number of terms
in the series on the critical value of a may show the spurious
nature of the flutter boundary.

A Galerkin solution using the approximating series

y = 5^ An smnirx
n=l

(4)

parts. The eigenvalues of increasing order matrices have
been evaluated and the critical value of a determined by the
criterion that at flutter two of the eigenvalues will coalesce
to form a complex conjugate pair.

Table 1 gives the number of modes and the critical value
of a for-each. If a greater number of terms were taken,
oicTit would form a more obviously diverging sequence.
An important feature of the solutions is that of instability
occurring when the two highest eigenvalues coalesce.
However, since only the lower eigenvalues have been de-
termined with any accuracy, it is obvious at any stage
that more terms must be taken to check the instability; as
BisplinghofP suggests, an infinite number of terms are in
fact needed. This leads to the conclusion that, although
a finite aCTn has been obtained, it has no meaning because of
the manner in which the instability occurs.

It is well known that Galerkin's method applied to a non-
self-adjoint differential equation need have no relationship
to the Ritz method applied to a variational problem. How-
ever, in the case of a second-order differential equation, it is
always possible to introduce a multiplying factor that will
convert the equation to the self-adjoint form. For Eq. (2),
it is e~ax, giving the self-adjoint equation,

d/dx[e~ax(dy/dx)} + \e~axy = 0 (6)

(a particular case of the homogeneous Sturm-Liouville
differential equation).

All second-order self-adjoint differential equations may
be regarded as Euler equations arising from variational
problems with homogeneous quadratic integrands. In this
case, Eq. (6) is the Euler equation for the minimization of
the integral

/ (7)

In general, Galerkin's method applied to a self-adjoint
equation leads to an eigenvalue problem involving symmetric
matrices. When this technique is applied to Eq. (6) with
the approximating series used previously, it leads to an eigen-
value problem of the form

\B - xc| = o (8)

where B and C are symmetric matrices whose elements are
given as

[(m -

2X - 5?r2 + a1 37r2(l -

[(m - n)27r2 + a2][(m + n)V2 + a2]

If the matrix C is positive definite, the eigenvalues of Eq. (8)
are real, and Galerkin's method would lead directly to the
correct result. Even a two-term solution gives

{(l-e-) a2)2 a2)(167r2

in Eq. (2) leads to a matrix problem in which it is necessary
to find the eigenvalues X of the matrix {amn} where

2mn
(m2 - ft2) (5)

Since this matrix is not symmetric, it is quite possible that
for some values of a the eigenvalues have nonzero imaginary
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The denominator of the last term on the right-hand side
is always real, hence a two-term Galerkin analysis of the
self-adjoint equation indicates no instability.

Two conclusions may be drawn from this study: 1) the
Galerkin method is applicable to the case of the supersonic
membrane flutter problem and yields results in agreement
with the exact solution when these results are interpreted
correctly; any approximate solution should involve a con-
vergence examination; and 2) if the dynamic equation is
made self-ad joint, a two-term solution gives the correct
answer without it being necessary to investigate the problem
more deeply.

Finally it should be noted that it is rarely necessary to
solve (exactly or approximately) any boundary-value prob-


